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■ Abstract. In this paper we study the asymptotic behavior of the solu- 
I tion of quasihnear parametric variational inequalities posed in a cylinder 

■ with a thin neck, and we obtain the limit problem. 

(N 

1 Introduction 



The aim of the paper is to study the asymptotic behavior of the solution of 
quasilinear variational inequalities in a beam with a thin neck. Mathemati- 
cally, this notched beam is given by 

Oe ={(xi,x') G : -1 < xi < l,|x'| < e if |xi | > te, < er^ if|xi|<U}, 

where e, Tg, and tg are positive parameters such that ^ — > 0. 

Previous work on domains of this type was done by Hale & Vegas , Jimbo 
[UlQ], Cabib, Freddi, Morassi, & Percivale [2j, Rubinstein, Schatzman & Stern- 
berg [13], Casado-Di'az, Luna-Laynez & Murat OH] and Kohn & Slastikov 

m. 
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The most recent results are of Casado-Di'az, Luna-Laynez & Murat They 
studied the asymptotic behavior of the solution of a diffusion equation in the 
notched beam and obtained at the limit a one-dimensional model. 

In the present article the geometrical setting is the same as in [4], but 
we consider quasilinear variational inequalities instead of linear variational 
equalities. 

The paper is organized as follows. In Section 2 the geometrical setting is 
described, the studied problem is given, and the assumptions for our results 
are formulated. In Section 3 the asymptotic behavior of the solution is stud- 
ied. Some results from [TTj are recalled which, unfortunately, don't provide 
information about what happening near to the notch. Thus we need to prove 
some auxiliary results. In Section 4 the limit problem is obtained. To prove 
the results in this section, we combine the ideas from [5] with the adaptation 
to variational inequalities of the method used in [4]. 

2 Setting the problem 

Let e > be a parameter, (r^ > 0) and tg (tg > 0) be two sequences of real 
numbers, with 

Tg — > 0, te — > 0, when e — > 0. 

We assume that 



Let S C be a bounded domain such that € S, which is sufficiently smooth 
to apply the Poincare-Wirtinger inequality. 
Define the following subsets of : 

a- = (-1,-te] X (eS), 0° = [-te,te] X (er^S), 0+ = (t^, 1 ) x (eS], 

Oe=aeUO°ua+, and CLe=CL^UD.t. 

He is a notched beam, the main part of the beam is and the notched part 
Og. A point of D.^ is denoted by x = (xi,x') = (xi,X2,X3). 
Denote by 




with < |J. < -|-oo, < V < -|-oo, when e — > 0. 




{-1} x (eS] and r+ ={1} x (eS] 



= r- u r^^ 
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be the union of the two bases. 
Denote 

Ve={V eH\0.e), V = Oonre}. 

We consider the following problem: 
Find Ue G Me such that, for all Ve G Me, 

[AeOe(x,Ue,Be)VUe,V(Ve -Ue)] dx > (1) 

with Ae, Be, and Oe, given functions. Me a closed, convex, nonempty cone in 
Ve. 

This problem has applications in Physics. Bruno [Ij observed that when 
a ferromagnet has a thin neck, this will be preferred location for the domain 
wall. He also noticed that if the geometry of the neck varies rapidly enough, 
it can influence and even dominate the structure of the wall. 

Consider problem ([1]). We impose the following assumptions: 

(Al) The matrix Ae has the following form 

AeW =Xa- WA^ (^b^) +Xoo(x)A° (^,^) , 

where A\A° € L°°((-l,l) x S)^^^ 

(A2) The matrix Be has the following form 

Be(x) = Xq^ WB^ (xi , + xao (x)B° (^^, ^) , 

where B\B° G L°°((-1,1) x S)^^^ 

(A3) The functions Oe : He x M ^ E^^^ and : Cle x R ^ are 
Caratheodory mappings having the following form: 

Oe[x,^) =XnlMK +Xno(x)0° (^,^^,r^ ; 

for a.e. x G Oe, for all rj G M; 

for all Ue G iH^e), We G L2(ae)^ (Dl(-,Ue(-))We(-],O°(.,Ue(-))We(0 G 
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(A4) Coercivity condition 
There exist Ci , Ci > and ki G L°°(ae) such that for all £, € ri € M 

[Ae(x)(De(x,Ti)Be(x) £,,£,] > Cilltf + C2|Til^i -ki(x) a.e. x e CI, (2) 

for some 1 < qi < 2, for each e > 0. 

(A5) Growth condition 
There exist C > and a G L°°(Oe) such that for all £, G M^, ri G M 

||Ae(x)(l)e(x,ri)£,|| < C||£,|| + C|ti| + a(x) a.e. x G Oe, (3) 

for each e > 0. 

(A6) Monotonicity condition 
For ah T G M'^, r| G M, 

[Ae(x)(l)e(x,Tl)Be(x)£,- Ae(x)(l)e(x,Tl]Be(x)T,£,-T] > 0, a. e. X G Oe, 

for each e > 0. 

(A7) If Ue — > u and w in l2(YM, then 

<D^(-,u,(-))w(-) ^ (D\;u[-))M-] strongly in L\Y^). 
If Ue — > u and Wg ^ w in L^(Z], then 

(I)°(-,Ue(-))w(-) ^ (l)°(-,u(.)]w(.) strongly in 1^(7). 

3 Asymptotic behavior of the solution 

To study the asymptotic behavior we use the change of variables y = ■ye(x) 
given by 

which transforms the beam (except the notch) in a cylinder of fixed diameter. 
This change of variable is classical in the study of asymptotic behavior of 
variational equalities in thin cylinders or beams (see [6], p^, [14j). We denote 
by Y^, Y°, Y+, Ye, and Yf the images of H^, O^, D.+, He, and D.^ by the 
change of variables y = ycM, i-e. 

Y- = (-l,-te) XS, Y° = [-te,te] X (TeS), Y+ = (te,l)xS, 
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Ye=Y7UY^UY+, y1=Y7UY+. 
Denote by Y", Y+, and Y^ the "limits" of Y", Y+, and Y^, i.e. 

Y- = (-l,0)xS, Y+ = (0,l)xS, Y^=Y-UY+. 

Note that Y] is contained in its limit Y^ . 

The two bases of the beam and r+ are transformed to and A+, 
respectively, where 

A-={-l}xS and A+={l}xS. 

Fe transforms to A = A^ U A+ . 

Let Ue G Me be the solution of the variational inequality ([T]). Define Ue G Kg 
by 

u,[y)=U,[y-'[y)) a.e. y € Y^. (5) 

Ke being the image of Mg. Ke is a closed, convex, nonempty cone in D^, with 
= {v S (Ye) I V = on A}. We need the following two assumptions: 

(A8) There exists a nonempty, convex cone K in (Y^ ) such that 

(i) KnHl((-l,0)U(0,l)) /0; 

(ii) et 0, e Kej, u e H^((-1,0] U (0, 1)], u^^ ^ u (weakly) in 

(Y^ ) imply u € K. 

(A9) There exists a nonempty, convex cone L in L^((— 1, 1); (S)] such 
that 

ei 0, We. e Kej, w G L^((— 1, 1);H^ (S)], w^. w (weakly) in 
L2((-1, 1); Hi (S)) imply WGL. 

By change of variables y = ye(x) the operator V transforms to 

_ / 9- 19- 19- 

V9yi ' e 9y2' e 9y3 

In the following we recall some results from |1H [3] . 

Lemma 1 ([llj) Let Ue G Me be the solution of the inequality ([T]) and Ue G 

Ke given by If assumptions (Al) - (A6) are verified then the sequence Ue 
satisfies 

1 



Ue G Me, 



lOe 



IVUepdx < C. (6) 
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Theorem 1 ([11]) Let lie be the solution of the variational inequality (CP 
and Ue G Kg defined by 

Ue(y] = Ue(y^^(-y)) a.e.yeYe- 

If assumptions (A1)-(A6) and (A8)-(A9) are verified, then there exist three 
functions u, w, and with 

u e H^((-1,0) U (0,1)) nK, u(-l) =u(1) =0, 

w G L, 0-1 G L2(Yl)^ 
sitc/i t/iat up to extraction of a subsequence 

XY^u-e ^ u in L^(Y^); 

' 9yi 9yi 
' 9yi 9yi 



and 



Theorem 2 ( [11] ) iyei Ue be the solution of the variational inequality ^ 
and u G H^((— 1,0) U (0,1)) Pi K given in TheoremUl If assumptions (Al)- 
(A6) and (A8) are verified, then there exists a subsequence of solutions Ue, 
also denoted by Ue, such that 



lim 



|Ue(x)-u(xi)|2 dx = 0. (7) 



Unfortunately, this change of variables doesn't provide information about 
what happening near the notch. Thus we use another change of variables, 
which was given in [4]. Consider the case, when 

|x < +00 and y < +oo. 
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The change of variables z = Ze (x) is defined as follows 



= < 



77(^1 +te)-7f, if -1 <Xi < -te, 

if — te < Xi < te, 

-te) + 7f, if te <Xi < 1, 

^, if -1 < Xi < -te, 



^Xi, if -te <Xi < te, 

HIj(xi -te) + ^, if te <Xi < 1 



if ^ = 0, 



if ^ > 0, 



ete 



(8) 

This change of variables transforms the notch in a cylinder of fixed diameter 
and length, but transforms the rest of the beam in a very large domain. But 
it allows to describe the behavior of the solution Ue of inequality ([T]) when xi 
is close to zero. 

We denote by Zg , Z^, Z^, Ze, and Z\ the images of O^, O^, 0+, Oe, and 
by the change of variables z = Ze(x), i.e. 



ere n riJ V^e 



te te 

' 7 ' 7 
T T 
] e I e 



X S, 



if [J. = 0, and 
Z7 = 



and z:= ('^,^^ + ^^ x(-S 
rj ere i 



ete 



M-) ) X ( :;i^S ) , Z° = [-^, ]x] X S, 



and Zc 



^Te(^ 



ete 



+ ^1 X ( Is 



if p. > 0. We set 



Ze u z° u z+, z^ = z^ u z+ 



We denote by Z , Z+, and Z" the "limits" of Z^, Zg , and Z", i.e. 

z- = (_oo,-^) X z+ = (^,+oo) X z° = [-^,^] x s, 

and define 

z = z- u z° u z+, z^ = z- u z+. 
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Remark 1 ( [4] ) In ^ there are two definitions of Ze corresponding to the 
cases (J, = and \i > 0. Actually when [l > 0, we could define Ze by the 
definition given for \x = because 

te [Xte 1 [X 1 
M--^, — , and j. 

The definition ^ which distinguishes the cases |x = and |j, > has the 
advantage that the image Ze of Cle by the change of variables z = Ze(x) is 
contained in its "limit" Z for every e > and Z^ is fixed for |x > 0; then a 
function defined in Z has a restriction to Ze. 

Theorem 3 ([4|) Let (Ue]e be a sequence which satisfies Define He € 
Hi(Ze) by 

{le(z) =Ue(Ze^(z)), a.e. ZGZe. (9) 
Then there exists a function H, with 

{igh;„jz), -a-ufo-) € l'^(z-), ■a-u(o+) g l'^(z+), v{LeL^{Z]\ 

(where u is defined in Corollary\^, such that for every R > 0, up to extraction 
of a subsequence, 

Xz,nB3(0,R)<ie XB3(0,R)^i in \}[Z] strongly, 

Xz.VHe ^ VH in weakly, 

where 83(0, R] denotes the 3-dimensional ball with center (0, 0, 0) and diam- 
eter R. Moreover, if [l = 0, then H only depends on Zi and satisfies 

£l = u(0") inZ", 'a = u(0+) m Z+. 

//y = |x = 0, then u{0-] =u(0+). 

If y = and |x > 0, then there exists a function 1^ G L^((— |x, ix); (S)) such 
that up to extraction of a subsequence, 

— V^'Cte ^ Vz'-(^ in L^[Z°f weakly, 
e 

Let l^e be the image of Me by the change of variables z = Ze(x). I^e is a 
closed, convex, nonempty cone in (Ze). We need the following two assump- 
tions: 

(AlO) There exists a nonempty subset 1^ of Hl^^{Z) such that 
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Ei^O, R>0, % e1^eu<ieHj„JZ), 

Xz,nB3(0,R)^iei ^XB3(0,R)<i (strongly) in L^(Z), 

and 

Xz,V{le, - vet (weakly) in [lHZ])\ 

imply "Q, G 

(All) There exists a nonempty, convex cone t in L2((-^,^);H1(S)) such 
that 

£. ^ 0, € Ke^, ^ e L2((-|^, ^i);Hl (S)), ^ ^ (weakly) in 
L2((-^,^];HnS)) imply ^et. 

Theorem 4 Zei Ue G Mg 6e i/ie solution of the variational inequality (|7p, 
u € H^((— 1,0) U (0,1)) n K defined in TheoremUl and He € l^e given by 
1^. If assumptions (A1)-(A6) and (A8)-(All) are verified, then there exists 
a function Cl € 1^, with 

H - u(O-) e L^(Z-), H - u(0+) e L^(Z+), VH g L^(Z)^ (10) 

stic/i that for every R > 0, up to extraction of a subsequence, 

Xz,nB3(0,R)^ie XB3(0,R)^i «^ 1-^(2) strongly, 

Xz.VCte ^ VCl in L^(Z)^ weakly. 
Moreover, if [l = 0, then H only depends on Z] and satisfies 

{l = u(0") mZ", {l = u(0+) mZ+. 

//y = ^ = 0, i/ien u(0") = u(0+). 

If y = and |j, > 0, then there exists a function •(^ € t such that up to 
extraction of a subsequence, 

—V^'He V^/-(^ in L^[Z°f weakly. (11) 
e 

Proof. From Lemma [T] it follows that there exists a subsequence of solutions 
Ue, also denoted by Ue, such that ([6]) is satisfied. Thus by Theorem [3] we 
get that there exists a function H € H[q^(Z) such that the statement of the 
theorem is true. By assumption (AlO) we get that H G 1^. 

If Y = and |j, > then, by Theorem [3l there exists a function ■(a) G 
L^((— |x, |x); (S)) such that up to extraction of a subsequence, ([TT]) holds. 
Then by assumption (All) we get that "(^ G t. ■ 
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Lemma 2 Let Ug be one solution of the variational inequality (Op, lie defined 
by (Oj. Assume that (Al)-(A3) and (A5) hold. Then 



?0 



is bounded. 



Proof. Taking the square of the first growth condition from (A5), multiplying 
by -T, and integrating on Og, we obtain 



1 



|Ae(x)(D(x,Ue(x))Be(x)VUe(x)f dx < 



1 



|VUe(x)f dx+-!^ 



Q2 



|Ue(x)P dx + ^||a|loo. 



10° I 



Applying the change of variable Zg and taking out ^ from ^'^He, we get 

I 

dz < 

|<le(z)P dz+ a. 



z" 

< C 



A° ( ^,z' ) CD" ( ^^,z',<l,(z) ) B° ( ^,z' ) V£le(z) 



.0 ( ^ 

1^ 



1^ 



Z" 



9zi ' e 9z7 ' e Sz^ 



dz + r^C 



z" 



By Theorem [3l || Vlle Utif^op and |l'tte||]_2{20] are bounded, thus the statement 
of the lemma holds. ■ 



Corollary 1 Suppose that the assumptions of Lemma are verified. Then 
there exists o'^ G \J'[7P) such that 

4 The limit variational inequality 

In this section we obtain the limit problem in two cases: when < |x < +oo 
and "v = respectively when |x = +oo and < v < +oo. In these cases 




thus the beam has a thin neck. 
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4.1 The case < |j. < cxd and y = 

Theorem 5 Let < |a. < oo and y = 0. 

Assume that (Al)-(All) are verified and the following four conditions are 
satisfied: 

(CI) cp G K implies X\l^ ^ ^ei 
(C2) e L implies Xyl^ ^ ^ei 
(C3) $ G R implies Xzo0 G l^e/ 
(C4) ij; G £ implies Xz°^ ^ ^e- 
Then the following three statements hold: 

1 ) There exists a subsequence of the sequence Ug of solutions of also 
denoted by Ug, and a function u G H^((— 1,0) U (0,1)) n K such that ^ is 
satisfied. 

2) Let u and w be as given in Theorem{l\ and "Q, and ^ as in Theorem\^ 



Then (u, w, {I, '(^) solves the limit variational problem: 

findu G Hn(-l,0)U(0, l))nK, u(-l) =u(l) = 0, w G L, and{i G t, ■a(-^) = 
u(0"), -ad^) = u(0+), -(^ G t such that for all v G H^((-1,0) U (0,1)) n K, 
v(-l ) = v(l ) = 0, h G L, and ^ G 1^, i)(-^) = v(O-), ^[i) = v(0+), ft G t, 



[Al(y)(l)l(y,u(yi))Bl(y)V'(u,w)(y),V'(v,h)(y)-V'(u,w)(y)] (12) 



3) Let be as given in TheoremUl (r^ as given in CorollaryUi Then 




V'(0,fi)(z) - V'({l,^)(z)] dz>0. 



a\y]=A'[y)0\yMv)Wi.y)y'[^Miy) for a.e. y G Y\ 



a°(z) = AM ^l,z' UM ^,z',ll(z) bM ^l,zM V a, -iL 





for a.e. z G 



Proof. Statement 1) follows from Theorem [2j 
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2) Since "v = 0, from Theorem [4] it follows that {1 € 1^ only depends on zi 
with 

{l = u(0") inZ", 'a = u(0+) inZ+, 
and there exists a function 1^ € t such that up to extraction of a subsequence, 

— V^/He ^ V^/-(^ in L^(Z°]^ weakly, 
e 

Let cp- G Hi([-1,0]) and (p+ G HV[0,1]) and define (p G H1((-1,0) U 
(0, 1]) nK such that 



(p (xi), if xi G (-1,0) 
^(p+(xi), if XI G (0,1). 

Let ij) G L, $ G 1^, and i|j G t. For e small enough, the sequence Ve defined by 



Ve(x) =Xaj(x) ( VM + ( xi, — ) ) + 



|XXl 



belongs to Me. 

Putting ri = Ue(x), f, = VUe(x) and 

T = Te(x) =Xai(x)(V'((p,il;) + Afi)(ye(x))+ 

+ XQo(x)-(V'(0,ip)+Af2)(ze(x)), a.e. x G 

in the monotonicity condition, we get 
1 



< 



1 






a. 


1 






a. 


1 






a. 


1 




+ — 


a. 



[AJx)(De(x,Ue(x))Be(x)VUe(x)-Ae(x)(De(x,Ue(x))Be(x)Te(x), 
VUJx)-Te(x)] dx = 

[Ae (x)(I)e (X, Ue (x) )Be (x) VU^ (x), VUe (x)] dx- 
[Ae (x)(De (X, Ue (x))Be (x) VU^ (x), (x)] dx+ 
[Ae (X) Oe (X, Ue (x) )Be (x)Te (x) , VUe (x)] dx- 
[Ae(x)(I)e(x,Ue(x))Be(x)Te(x),Te(x)] dx = 



Tf-T|-T| + T|. 
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In the following we study each term separately. The first term 



1 
1 



[Ae(x)Oe(x,Ue(x))Be(x)VUe(x), VUe(x)] dx < 



[Ae (x) Oe (x, Ue (x) )Be (x) VUg (x) , VVg (x)] dx 
Al(-yeW)Oi(-yeW,Ue(x))Bi(ye(x))VUe(x), 



d(p(xi) d\\>{ye[x)) aiKyeW) Q-^iyeM) 
+ e 



dxi 



9xi 



9X2 



9X3 



dx + 



no 



Al [Ze (X) ) (D"e (Ze (X), Ug (x) )B"g (Zg (x) ) VUe (x), 
9$ (^) , e^ a$(Ze(x)) 1 9$(Ze(x)) 1 9{p(Ze{x)) 



+ 



te 9X1 Tete 9^1 



'r2 

' e 



9X2 



'r2 

' e 



9X3 



dx 



(using the change of variable y =ye{x) in the integral over D.\ and the change 
of variables z = Ze(x) in the integral over Og) 



Y] 



A^y)0^(y,Ue(y))Bi(y)V^Ue(y), 

d(p(yi) ^ ^ 9T|;(y) dMv) ^Mv) \ 
9yi ' 9y2 ' 9y3 / 



dyi 



dy+ 



+ -ten 



^ dUejz) 1 9<le(z) 1 9{le(z) 

te 9zi ' ere 9z2 ' ere 9z3 



(J. d0(zi)^ e 9\Kz) 1 9il;(z) 1 dMz) 



te dzi rete 9zi ' r| 9z2 ' r| 9Z3 



dz 



Taking the limit, we get 



ai(y),V'((p,il;)(y) dy + 



1° 



CT°(Z),V'($,1P)(Z) 



dz. 
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The second term 



[Ae (x) O e (X, Ue (x) ) B e (x) VUe (x) , Te (x)] dx 



+ 



c^^(y),(V'((p,il;)+Afi)(-y) dy+ 



cT0(z),(V'($,i|;)+Af2)(z) 



dz, 



when e tends to zero. 
The third term 



[Ae (x) Oe (X, Ue (x) ) Be (x)Te (x) , VUe (x)] dx 



+ 



Ai{-y)cDi(-y,u(y))Bi(y)(V'((p,il;)+Afi)(-y),V'{u,w)(-y)] dy+ 

A' (|,z') 0° B° (^,z') (V'($,^) +Af2)(z), 

V'«l,^)(z),] dz, 



when e tends to zero. 
The last term 



^4 - 



[Ae(x)Oe(x,Ue(x))Be(x)Te(x),Te(x)] dx 



+ 



ZO 



Any)oHy,u(-y))Bi(-y)(V'((p,il;)+Afi)(y), 
(V'((p,iP)+Afi)(y)] dy+ 

AO (^^l,z') 0)0 (^,z',il(z)) bO (^^,z') (V'((^,$] + Af2)(z), 
(V'($,iP)+Af2)(z)] dz, 



when e tends to zero. 

Adding the limits of Tf , T| , T3 , and T4 , we get 



[cTi(y],Afi(y)] dy 



ZO 



[aO(z],Af2(z)] dz+ 



(13) 



+ 



[Ai(y)a)i(y,u(yi))Bi(y)(V'((p,iP)+Afi)(y),V'((p,tP)(y)- 
V'(u,w)(y)+Afi(y)]+ 
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+ 



z" 



+ 



V'($,Tj))(z) - V'({l,^)(z) + Af2(z),] dz > 0. 

Setting 

(p — u = 0(v — u), \|; — w = 9(h — w), = Si), and = 9fi, 

where 9 > 0, dividing by 9, then letting 9 — > 0, we get the hmit variational 
inequality. 
Putting 

((p,u) = (t1;,w) and (0,£l) = (ij),^), 
dividing by A, and letting A — ) 0, we get 

[o-i (y ) - iy)0' (y, u(iji jjB^ (y)V'(u, w)(y), fi (y)] dy+ 

Y' 

aO(z) - A° (^,z') 0° (^l,z',a(z)) B° (5i,z') V (z), 

f2(z)] dz>0, Vfi e HVY^),Vf2 G H^(Z). 
Then 3) follows. ■ 

4.2 The case |x = +oo and < y < +oo 

Theorem 6 Let |x = +oo and < v < +oo. Assume that (Al)-(A9) are 
verified and the following two conditions are satisfied: 

(CI) cp G K implies XyJ?" ^ 

(C2) G L implies Xy^U" G Ke. 

r/ien i/ie following three statements hold: 

1 ) There exists a subsequence of the sequence Ug of solutions of (OP, also 
denoted by Ug, and a function u G H^((— 1,0) U (0,1)] H K such that ^ is 
satisfied. 

2) Let u and w be given as in Theorem [Ji Then (u, w) solves the limit 
variational problem: 

find u G HH(-1,0) U (0, 1)) n K, u(-l) = u(l ) = and w G L such that for 
aZZv G HH(-1,0) U (0,1)) nK, v(-l) = v(l ) = and h G L 

[A^ (y)(Di (y,u(yi))Bi (y)V'(u, w)(y), V'(v, h)(y) - V'(u, w)(y)] > 0. 

Yl 

(14) 
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3) Let CT^ given in TheoremUi Then 



a' [y] = A' iyMvm' (y)V'(u, w)(y) for a.e. y G 



Proof. Statement 1) follows from Theorem [2j 

To prove statement 2), let cp" G ([-1,0]) and (p+ G ([0, 1]) and define 
cp G H^((-1,0) U (0, 1)) nK such that 



(p-(xi), if xi G (-1,0) 
(p+(xi), if XI G (0,1). 



Let \|; G L and y° : [0, +00) M defined by 



1 , if T > 1 . 



and 



Ve(x) = (p(xi)y° (''^'t)' 



a.e G Og, 



which belongs to Mg. 

For e small enough, by a simple calculation we obtain 



1 



d(p(xi) ^ , [ 



dx + — T 



no 



I We I dx < 



< C + 



,2 , 'e 



which tends to zero since |x = +00. 
Putting r| = Ue(x), f, = VUe(x) and 



T = Tp X 



(V'((p,Tl;) + Afi)(ye(x)), if xGQl 
0, if xGa° 
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in the monotonicity condition, we get 



< 



+ 



1 








1 






o. 


1 








1 








1 









[Ae(x)Oe(x,Ue(x))Be(x)VUe(x)-Ae(x)Oe(x,Ue(x))Be(x)Te(x), 

VUe(x) -tJx)] dx = 

[Ae (x)(De(x, Ue (x) )Be (x) VUe (x), VUe (x)] dx- 
[Ae (x)Oe (X, Ue (x))Bax) VUe (x), (x)] dx- 
[Ae (x) O e (X, Ue (x) ) B ^ (x)Te (x) , VUg (x)] dx+ 
[Ae(x)(De(x,Ue(x))Be(x)Te{x),Te(x)] dx = 



= Tf-T|-T| + T|. 

In the following we study each term separately. The first term 
1 



< 



1 



O-e 



[Ae(x)Oe(x,Ue(x))Be(x)VUe(x), VUe(x)] dx < 



[Ae (x) Oe (x, Ue (x) )Be (x) VUe (x), We (x)] dx 



[Ae (x) (D e (X, Ue (x) ) B e (x) VUe (x) , V Ve (x)] dx+ 



+ 



no 



[Ae (X) O e (X, Ue (X) ) B e (x) VUe (x) , We (x)] dx, 



where the second term tends to zero. We use the change of variables y =ye[x] 
in the first term: 



Tf < 



A\y)Oi(-y,Ue(y))Bi(-y)V^Ue(-y), 

9yi ' 9^2 ' 9^3 J. 



dy + Oe 



A^(-y)Oi(y,Ue(y))Bi(-y)V^Ue(y), 

dcp(iji) ^ ^ dMy] my) my) \ 
9yi ' dy2 ' Qys J _ 



dy^ 



dy + Oe. 
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Taking the limit of both sides, we get 



Urn Jf < 

e->0 



Y1 



^\y],V'{(pMiv) dy. 



The third term 



1 



[Ae(x)Oe(x,Ue(x))Be(x)Te(x), VUe(x)] dx = 

A\yeW)Oe(yeW,Ue(x))Bi(yeW)(V'((p,ilj)+Afi)(-yeW), 
VUe(x)] dx, 



as the integral on Og is equal with zero because Te = on Og. Using the 
change of variable y = ye(x) we get 



If 



(y)Oe{y,Ue(y))B^ (y)(V'((p,tl)) + Af)(y), V^Uely)] dy = 
Ai(y)(De(y,Ue(y))Bi(y)(V'((p,Tl;)+Afi)(y),V^Ue(y)l dy + O^. 



Taking the limit when e ^ 0, we get 



Ai(y)(D(y,u(yi))Bi(y)(V'((p,i|;)+Afi)(y),V'(u,w){y) dy. 



Similarly 



and 



'2 



Y1 



cTi(y),(V'((p,i|;)+Afi)(y)l dy 



yi 



AVy)(D(y,u(yi))Bi(y)(V'((p,i|;]+Afi](y), 
(V'((p,tl))+Afi)(y)] dy, 



when e — > 0. 

Adding the limits of Tf, Jf, J^, and T4 , we get 



Y' 



[AHy)a)i(y,u(yi))B^(y)(V'((p,iP)+Afi)(y),V'((p,il;)(y)- 

V'(u,w)(y)+Afi(y)] dz- [a^ (y), Afi (y)] dy > 0. 

Jyi 



(15) 
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Setting 

(p — u = 6(v — u), and i|) — w = 9(h, — w), 

where 9 > 0, dividing by 9, then letting 9 — > 0, we get the limit variational 
inequality. 
3) Putting 

((p,u) = (iIj,w), 
dividing by A, and letting A ^ 0, we get 

[a' [y)-A' iy)^' (y,u(-yi ))B^ (y) V'(u, fi [y]] dy > 

Jyi 

Vfi G H^(Y^). 

Then 3) follows. ■ 
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